Abstract. We investigate the diffusion equation
Abstract. We investigate the diffusion equation ∂ t ρ = D y ∂ 2 y ρ + D x ∂ 2 x ρ + D x δ(y)∂ µ x ρ subjected to the boundary conditions ρ(±∞, y; t) = 0 and ρ(x, ±∞; t) = 0, and the initial condition ρ(x, y; 0) =ρ(x, y). We obtain exact solutions in terms of the Green function approach and analyze the mean square displacement in the x and y directions. This analysis shows an anomalous spreading of the system which is characterized by different diffusive regimes connected to anomalous diffusion.
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other one has a preferential diffusion when y = 0, characterizing a backbone, similar to the one present in the comb model [25] - [27] . This diffusive term may arise in several situations such as a percolation cluster [28] - [30] , which corresponds to a random walk in a preferential axis, the backbone, with lateral branches or traps [31] - [33] , electrophoresis process and tumor development [34, 35] . These two diffusive terms introduce different behaviors for the solution which will be governed by an anomalous or a usual diffusion, depending on the time scale and the initial condition considered.
The aim of this work is to investigate exact solutions for equation (1) accomplishing the boundary conditions ρ(±∞, y; t) = 0 and ρ(x, ±∞; t) = 0 and the initial condition ρ(x, y; 0) =ρ(x, y). By using this result, we analyze the spreading of the system by evaluating the mean square displacement for the x and y variables when µ = 2. For µ = 2, we analyze the behavior of 1/(ρ x (0; t)) 2 , where ρ x (x; t) is reduced distribution, i.e. ρ x (x; t) = ∞ −∞ dy ρ(x, y; t). These developments are performed in section 2. The discussion and conclusions are presented in section 3.
Diffusion equation and backbone structure
Let us investigate the solutions of equation (1) by considering the previous boundary conditions and an arbitrary initial condition for the system. We first analyze the equation with µ = 2 which corresponds to incorporating in the diffusion equation the diffusive term present in the comb model [36, 37] and later on we discuss the case µ = 2. For the first case equation (1) may be written as
where here the dimensions of
, as before, whereas the dimension ofD x is now [L] 3 /[T ]. Note that equation (2) recovers forD x = 0 the usual diffusion equation and for D x = 0 the diffusion equation employed to analyze the diffusion in a backbone structure is obtained [38] - [40] . In this direction, it is interesting to mention that the solution obtained for equation (2) extends the solutions found in [25] - [27] . In order to obtain a solution for equation (2), we start by applying the Laplace transform
This equation can also be simplified by using the Fourier transform on the
, leading us to the following equation:
which is an ordinary differential equation on the y variable. By using the Green function approach the solution of equation (4) may be written as (9) versus x and y by considering µ = 2,ȳ = 0.1 and t = 0.3. Note that the backbone term has the usual distribution and, as a consequence, a bimodal-like behavior is verified when the initial condition is not centralized at the points x = 0 and y = 0.
with the Green function obtained from the equation
subjected to the condition G(k x , ±∞,ȳ; s) = 0. Equation (6) may be simplified by employing the Fourier transform with respect to the variable y (F y {· · ·} =
dk y e ikyy · · ·). In this direction, it is possible to show that
doi : The last term has the presence of G(k x , 0,ȳ; s) which corresponds to the preferential direction of the diffusion in the x axis (also called the backbone by some authors [32, 41] ). It plays an important role for intermediate times as we show below by analyzing the behavior of σ x (t) for an initial condition which is not located at the origin. This term may be found and it is given by
By substituting equation (8) in equation (7) and performing the inverse of the Laplace and Fourier transforms, the Green function is given by
doi:10.1088/1742-5468/2011/02/P02022 A 1 ) ,...,(ap,Ap) (b 1 ,B 1 ),···,(bq,Bq) ] is the Fox H function [42] (see the appendix for some details and properties). This result has, as a particular case, results presented in [27, 36] for the comb model. By comparing equation (9) with the solution of the usual diffusion equation, i.e. the case for whichD x = 0, we observe differences which are due to the presence of the backbone term. The main difference concerns the presence of the Fox H function, related to the nonusual behavior of the solution. This feature may be verified by performing the asymptotic expansion of this function, which leads us to a stretched exponential function [2] . Another interesting aspect is the first term of equation (9) which contributes to the solution, i.e. ρ(x, y; t), only if the initial condition is not centralized at the origin. In figure 1 , we show the behavior of the solution forD x = 0 andD x = 0 to illustrate the changes produced by the presence of the backbone term. Note that, for D x = 0, we have a bimodal-like behavior different from the caseD x = 0 characterized by the usual diffusion.
In order to investigate the spreading of the distribution which is governed by the previous Green function, i.e. equation (9), we evaluate the mean square displacement for the x and y directions. Performing some calculations, by using equations (5) and (9), and the initial conditionρ(x, y) = δ(x)δ(y −ỹ ), we obtain that
and σ 2 y (t) = D y t. By performing a dimensional analysis, it is possible to show that equation (10) 
has the correct dimension, i.e. [L]
2 as expected. The result for σ 2 y (t) shows that the backbone structure has no influence on this direction. An interesting result is verified for σ 2 x (t) which may exhibit different (two or three) diffusive regimes, depending on the choice of D x ,D x , D y andỹ. In particular, forỹ = 0 the system presents for small and long times a usual diffusion. The backbone structure plays an important role for the intermediate times, as shown in figure 2 where straight lines were used to show the anomalous behavior of σ x (t). The green dotted line indicates the interval for which the (13). In (a), we have fixed the value of y, i.e. y = 0, and show for different times the behavior of equation (13) versus x. In (b), we have fixed x, i.e. x = 0, and show for different times the behavior of equation (13) spreading of the system is superdiffusive and the subdiffusive regime is shown by the blue dotted line. The usual regime is indicated by the red dotted line. For the caseỹ = 0 the system manifests two different regimes, as shown in figure 3 .
Let us incorporate in the previous analysis the spatial fractional derivative in the diffusive term related to the backbone structure. For this case, the diffusion equation to be investigated is equation (1) with µ = 2. The presence of the fractional spatial derivative in the last term of equation (1) incorporates a long-tailed distribution for the diffusion in the backbone structure. In this manner, the system for y = 0 is essentially governed by short-tailed distributions and for y = 0 we may have the presence of a long-tailed distribution like a Lévy distribution. The solution for equation (1) may be found by using the procedure employed for the previous case, i.e. µ = 2. Let us start by applying the Fourier and Laplace transforms in equation (1) on the x and t variables, which lead us to the following differential equation: which has as solution equation (5) with the Green function given by
where E α,β (x) is the generalized Mittag-Leffler function. In particular, this function is defined as E α,β (x) = ∞ n=0 x n /Γ(β + αn) [43] . Performing the inverse of Fourier and Laplace transforms, it is possible to show that the Green function is given by Figure 4 illustrates the behavior of the previous equation. Note that the presence of the additional term, i.e. the backbone term, changes the behavior of the solution and it may exhibit a bimodal behavior, similar to the case µ = 2 analyzed before. Figure 5 shows the behavior of equation (13) for a single coordinate projection for different times. By using the previous equation it is possible to obtain the solution ρ(x, y; t) and, consequently, the reduced distribution ρ x (x; t) by performing an integration, i.e. ρ x (x; t) = ∞ −∞ dyρ(x, y; t), as defined before. For ρ x (x; t) with the initial condition ρ(x, y; 0) = δ(x)δ(y −ỹ), we have that
where erf(x) is the error function. In figure 6 , the behavior of equation (14) versus x shows that in the asymptotic limit the long-tailed behavior of equation (14) is governed by a power law as shown by the red dotted-dashed straight line present in this figure. Figure 7 shows that the spreading of the system with a fractional derivative on the backbone diffusive term introduces different regimes for an intermediate time. Figure 8 illustrates for one value of µ the anomalous behavior present when intermediate times are considered. In particular, depending on the value of µ only a different diffusive regime from the usual one is verified.
doi:10.1088/1742-5468/2011/02/P02022 Figure 8 . Behavior of 1/ρ 2 x (0, t) versus t for intermediate times is illustrated for µ = 3/2 by considering for simplicity D x = D y =D x = 1 andỹ = 0.1. This figure shows the anomalous behaviors present in the spreading of the system which, for small and long times, is governed by the usual diffusion. Note that the red straight line corresponds to the usual case, i.e. 1/ρ 2 x (0, t) ∼ t.
Discussion and conclusions
We have investigated solutions for a non-Markovian diffusion equation (1) by considering first the situation characterized by µ = 2, which corresponds to the usual operator for the x variable and after analyzing the case µ = 2. Equation (1) has the superposition of two different diffusive process, one of them characterized by the usual diffusion and the other is the diffusion on a backbone structure. This feature is represented by the presence of two different diffusive terms associated with the x variable. The diffusion in the backbone structure may have a short-or long-tailed distribution depending on the µ value. The first case analyzed, i.e. µ = 2, employs the usual derivative operator and consequently has a short-tailed distribution. In this context, the mean square displacement has presented different diffusive behaviors which are essentially due to the backbone structure incorporated in the diffusion equation. A similar situation is verified when the spatial fractional derivative is incorporated, i.e. when we consider µ = 2. Finally, we hope that the results found here may be useful to investigate situations related to anomalous diffusion.
